Abstract. This paper uses rigid Hecke eigensheaves, building on Yun's work on the construction of motives with exceptional Galois groups, to produce the first robust examples of 'generalized Kuga-Satake theory' outside the Tannakian category of motives generated by abelian varieties. To strengthen our description of the 'motivic' nature of Kuga-Satake lifts, we digress to establish a result that should be of independent interest: for any quasi-projective variety over a (finitely-generated) characteristic zero field, the associated weight-graded of its intersection cohomology arises from a motivated motive in the sense of André, and in particular from a classical homological motive if one assumes the Standard Conjectures. This extends work of de Cataldo and Migliorini.
Background: generalized Kuga-Satake theory
The aim of this paper is to produce non-trivial examples of the generalized Kuga-Satake theory proposed in [Pat12] . The classical Kuga-Satake construction is a miracle of Hodge theory that associates to any complex K3 surface X a complex abelian variety KS(X) and an inclusion of Q-Hodge structures H 2 (X, Q) ⊂ H 1 (KS(X), Q) ⊗2 .
This construction takes its clearest conceptual form within the motivic Galois formalism. Let M hom C denote the category of pure motives over C for homological equivalence. Assuming the Standard Conjectures, this is a neutral Tannakian category over Q with fiber functor given by Betti cohomology:
⊗ (H B ) denote the corresponding Tannakian group. Then we can phrase the KugaSatake construction as follows: the motive H 2 (X) admits a (symmetric) polarization, hence (normalizing by a Tate-twist to weight zero) corresponds to a motivic Galois representation ρ : G hom C → SO(H 2 B (X)(1)). 1 The motive H 1 (KS(X)) then is the motivic Galois representation corresponding to
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whereρ is a suitable lift of ρ, and r is the natural representation of GSpin on the even Clifford algebra. The strongest possible version of the Kuga-Satake construction is the statement that such a liftρ exists; this is far from known at present, as it implicitly includes deep cases of the Lefschetz standard conjecture. A weaker, but still highly non-trivial, analogue is known when G hom C is replaced by the motivic Galois group of André's category of motives for motivated cycles; see [And96a] .
But the formulation itself is highly suggestive, pointing towards deep and largely unexplored generalizations, some of whose essential difficulties are orthogonal to the usual impenetrable conjectures of algebraic and arithmetic geometry: Lefschetz, Hodge, Tate, etc. In what follows we will work with motives over number fields and their ℓ-adic realizations, rather than motives over C and their Hodge-Betti realizations, but there are analogues of the results of this paper in the latter setting. We now state a conjecture that captures the most refined form of a 'generalized KugaSatake theory' for motives over number fields. For two number fields F and E, we let M F,E denote the category of motives for motivated cycles over F with coefficients in E; it is (unconditionally) neutral Tannakian over E, and by choosing an embedding F ֒→ C, the (E-linear) Betti fiber functor gives us its motivic Galois group G F,E (see [And96b] for background).
Conjecture 1.1 (See §4.3 of [Pat12]). Let H → H be a surjection of linear algebraic E-groups whose kernel is equal to a central torus in H, and let ρ : G F,E → H be a motivic Galois representation. Then if either F is totally imaginary, or the 'Hodge numbers' of ρ satisfy the (necessary) parity condition of [Pat13b, Proposition 5.5], then there exists a finite extension E
′ /E and a lifting of motivic Galois representations
For a leisurely overview of this conjecture, see the introduction to [Pat13a] ; for a detailed discussion of the arithmetic evidence, see [Pat12] . Even working with motivated rather than homological motives, this conjecture is highly refined: in the classical setting of diagram (1), the existence of such aρ requires not only the existence of KS(X), but also the full force of the theorem of DeligneAndré that Hodge cycles on abelian varieties are motivated.
2 At first approximation, though, we can replace Conjecture 1.1 with the following variant: Definition 1.2. Setting Γ F = Gal(F/F) for an algebraic closure F of F, let ρ : Γ F → H(Q ℓ ) be a geometric Galois representation valued in an arbitrary linear algebraic group H over Q ℓ .
• We say that ρ is weakly motivic if there exists a faithful representation r : H ֒→ GL(V r ) such that r •ρ is isomorphic to the ι : E ֒→ Q ℓ realization H ι (M) of some object M of M F,E .
• Suppose that we are given such a weakly motivic ρ : Γ F → H(Q ℓ ), and letρ be a geometric lift to H:
(That such geometric lifts typically exist is [Pat12, Theorem 3.2.10] and [Pat13b, Proposition 5.5].
3 ) We say thatρ satisfies the generalized Kuga-Satake property if it is weakly motivic as H-representation.
In sum, our aim in establishing certain cases of this 'generalized Kuga-Satake property' is to verify (motivated refinements of) certain cases of the Fontaine-Mazur conjecture.
With this framework in place, we can introduce the particular setting of this paper. Our aim is to study certain families of weakly motivic ρ : Γ F → H(Q ℓ ) for which it is possible to find lifts ρ : Γ F → H(Q ℓ ) satisfying the generalized Kuga-Satake property. Outside of the context of the classical Kuga-Satake construction, where ρ is the representation on H 2 (X F , Q ℓ ), for X/F a K3 surface-or closely related examples in which the motives in question are still generated by motives of abelian varieties 4 -there were no non-trivial examples of such lifting until the paper [Pat13a] . But that paper is restricted to low-dimensional examples in which H = GSpin 5 → H = SO 5 , and relies heavily on low-dimensional coincidences in the Dynkin classification. Thus the primary desiderata for our examples are that:
D.1 the motives in question not lie in the Tannakian subcategory of M F generated by abelian varieties and Artin motives; D.2 the examples exist in arbitrary rank, or at least for 'interesting' groups H; D.3 the liftρ should not be realizable within the Tannakian category of geometric representations generated by ρ, characters, and Artin representations.
We make explicit this last desideratum just to point out that for some choices of H, for instance H = H × G m , the existence of a weakly motivic liftρ is completely trivial. Condition D.3 is a way to ensure the results we prove have non-trivial content. The examples of this paper meet all three criteria of interest. For our ρ we take the remarkable weakly motivic Galois representations constructed by Yun in [Yun14a, Theorem 4.2, Proposition 4.6]. Let us recall a somewhat simplified version of the main result of [Yun14a] . Let G be a split, simple, simply-connected group of type A 1 , D n with n even, G 2 , E 7 , or E 8 , and let G ∨ denote 3
This should be contrasted with the situation in which the kernel of H → H is an isogeny, where geometric lifts, even after allowing a finite base-change on F, need not exist: for a simple example, consider the case SL 2 → PGL 2 in which ρ is the projective representation associated to the Tate module of an elliptic curve (or even more simply, consider multiplication by N > 1 on G m , and let ρ be the cyclotomic character). For the full story, see [Win95] . the split Q-form of its dual group. We have to say a word about the coefficients of the Galois representations and motives. For definiteness, fix an embedding Q ֒→ Q ℓ , implicit whenever we take 'the' ℓ-adic realization of a motive with coefficients in Q, and let ı be a square-root of −1 in Q. All the local systems considered can be arranged to have coefficients in the (possibly trivial) extension Q ′ ℓ = Q ℓ (ı). The motives will have coefficients in the subfield Q ′ ⊂ Q given by
There is a certain two-fold cover (2) Z G ։ Z G (see Definition 4.1 and Lemma 4.2) of the center Z G of G-regard (2) Z G as a group scheme over Q-and we call a character
, there exists a local system 
and all specializations t : Spec
is weakly motivic. To be precise, the composition of ρ χ,t with the quasi-minuscule representation of G ∨ is isomorphic to the Q ′ ℓ -realization of an object of M F,Q ′ . We can now state the first main result of this paper. There is a minor technicality in the phrasing of this theorem that results very naturally from the way the geometric Satake isomorphism descends to number fields: see §4.2 for a careful explanation. Namely, for any connected reductive group H, let ρ ∨ denote the usual half-sum of the positive coroots (for any choice of based root datum), and set H 1 = (H × G m )/ (2ρ ∨ (−1) × −1) . In the case H = G ∨ , to avoid cluttered notation we write G ∨ 1 for (G ∨ ) 1 ; this should not cause any confusion. Yun's construction is most naturally viewed as the construction of a local system (1) There exists a local systemρ χ : The real content of this result is for G of types D 2m and E 7 ; when π 1 (G) = {1} (types G 2 , E 8 ), there can never be any generalized Kuga-Satake lift satisfying criterion D.3. In type A 1 , the construction is not completely trivial, but the motives in question are generated by abelian varieties and Artin motives, so fail to satisfy our criterion D.1.
5 But in the essential cases of types D 2m and E 7 , all of our desiderata are met, the key point being that for suitable choice of H, the group H 1 has irreducible representations restricting to each of the minuscule representations of the simplyconnected cover G ∨ sc of G ∨ ; these are representations not possessed by the original (adjoint) group G ∨ . See §6 for details. We now briefly summarize the approach to constructing the lifted local systemsρ χ . Yun's ρ χ is constructed as the eigen-local system associated to a Hecke eigensheaf on a certain moduli space Bun of G-bundles on P 1 with level structure at the points {0, 1, ∞}. Simply put, we enlarge the center of the semi-simple group G to form a reductive group G (whose dual group G ∨ plays the role of H above); then we study an analogous moduli space Bun of G-bundles with level structure, and show that Yun's eigensheaves can be extended to eigensheaves on Bun. The weakly motivic nature of the liftsρ χ,t is realized in the (restricting to the interesting cases in type A 1 , D 2m , E 7 ) minuscule representations of G ∨ (or rather, of G To put this approach in perspective, let us note that it is a geometric analogue of the classical automorphic construction parallel to the lifting problem (2). Namely, extending an automorphic representation of G to G heuristically corresponds to lifting a representation L F → G ∨ (C) of the 'automorphic Langlands group' L F to G ∨ (C). We are carrying out an analogue for certain Hecke eigensheaves, being careful to retain hold of the explicit 'motivic' nature of the corresponding eigen-local systems.
In fact, we prove something considerably stronger than Theorem 1.4, strengthening the 'motivic' result even in Yun's original context. Rather than showing (as in part 2 of Theorem 1.4) that theρ χ,t (or ρ χ,t ) are weakly motivic, we show (Theorem 6.1) that for any finite-dimensional representation r of H 1 , r •ρ χ,t is motivated. The content of this assertion is the following: the arguments showing that ρ χ,t andρ χ,t are weakly motivic rest on the fact that quasi-miniscule and miniscule affine Schubert varieties have very mild singularities (punctual in the quasi-miniscule case; none at all in the miniscule case). For such varieties (and their close cousins that appear in the proof), we can in quite elementary terms describe their intersection cohomology groups as the ℓ-adic realizations of motivated motives. The claim that all r •ρ χ,t are motivated depends on a similar description, but for varieties with singularities as bad as those of any affine Schubert variety. This essentially means we need a 'motivated' description of the intersection cohomology IH * (Y¯k, Q ℓ ) of an arbitrarily singular, and not necessarily projective, variety Y over a characteristic zero field k; to be precise, since motivated motives do not reflect 'mixed' behavior, we prove such an assertion for the associated 5 Also, in this case, a more elementary construction of the lift can be achieved using Katz [dCM05] , [dCM10] , [dC12] ) re-establishing the decomposition theorem and its associated mixed Hodge-theoretic package by 'geometric,' rather than 'sheaf-theoretic,' methods. These papers chart a fundamental advance in our understanding of the geometry of perverse sheaves, and I expect will find many more, and far deeper, motivic applications than the one here. Since the arguments establishing Theorem 1.5 are independent of those of the rest of this paper, I refer the reader to §7.1 for a fuller introduction, and for an overview of the approach to Theorem 1.5. Also see Remark 8.16 for additional applications, such as a p-adic de Rham comparison isomorphism for intersection cohomology.
Bundles with level structure
In this section only, we allow G to be any connected reductive group over a field k, and X to be any smooth projective geometrically connected curve over k. Our aim is to review a construction from [Yun11, §4.2] of moduli spaces of G-bundles on X with level structure at a finite set S = {x 1 , . . . , x n } ⊂ X(k) of k-points. Here and throughout, we denote by LG and L + G the 'abstract' loop group and positive loop group of G, i.e. the functors of k-algebras given by R → G (R((t))) and R → G(R [[t] ]) (a group ind-scheme and pro-algebraic group, respectively, over k), where t is a formal parameter. Now let x be a closed point of X, and denote by O x the complete local ring of X at x, with fraction field K x . Then we denote by L x G and L
Definition 2.1. Let Bun G,S ,∞ → Ring k be the stack associated to the following prestack Bun pre G,S ,∞ over k: for any k-algebra R, Bun pre G,S ,∞ (R) is the groupoid of triples (α, P, τ) where
→ O x i (here we regard x i as an R-point x i : Spec R → X R and take the formal completion of X R along the graph Γ(x i ));
Not exactly, of course, since as we have phrased the result the theorem is vacuous for k algebraically closed; in that case substitute for the ℓ-adic cohomology the collection of Betti, de Rham, and ℓ-adic realizations. 
where:
..,n consists of the tautological trivializations of P g over each D x i coming from the definition of P g .
At each of the points x i , we now fix a pro-algebraic subgroup P i of LG that is stable under the action of Aut O ; we additionally require that for some integer m, P i should contain the subgroup
Definition 2.3. Having fixed S = {x 1 , . . . , x n } and P 1 , . . . , P n as above, we define Bun G,S (P 1 , . . . , P n ) to be the stack associated to the quotient prestack
When there is no risk of confusion, we omit the subscript S from the notation and simply write Bun G (P 1 , . . . , P n ).
Note that since the action of (LG ⋊ Aut O ) n does not necessarily preserve the isomorphism class of the G-torsor P on X R , the moduli space Bun G,S (P 1 , . . . , P n ) need not have a projection to Bun G . The action does not alter P| X R −∪Γ(x i ) , however, so an object of Bun G,S (P 1 , . . . , P n )(R) does yield a well-defined G-torsor on this complement. Also, the category Bun G,S (P 1 , . . . , P n ) has a tautological object given by taking the image of an object of Bun from the (well-known) result for Bun G , and then deducing the case of Bun G,S (P 1 , . . . , P n ) from that of Bun G,S (I 1 (m), . . . , I n (m)).
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For any two such choices, the resulting objects of Bun G,S ,∞ (k) become uniquely isomorphic modulo the Aut 
Then there is a right-action of Ω x i on Bun G,S (P 1 , . . . , P n ).
Finally, we can replace any P i by some finite cover, still acting on Bun G,S ,∞ on the right through P i ; Lemmas 2.4 and 2.5 continue to hold.
Remark 2.6. For the reader's convenience, we put this statement in its classical context: on automorphic forms over a function field F
we have the usual action by Hecke correspondences arising from decomposing the double coset P i wP i into single cosets. But when w normalizes P i , the Hecke action comes from an actual automorphism (right-translation) of the moduli space
Our setting
Now we describe in detail the setting of this paper, taking [Yun14a] as our starting-point. Let G be a split (almost-)simple simply-connected group over k, satisfying the following two hypotheses:
• G is oddly-laced;
• −1 belongs to the Weyl group W G of G. Explicitly, we take G to be a split simple simply-connected group of type A 1 , D 2n , G 2 , E 7 , or E 8 in the Dynkin classification. In fact, as we will see, the results of this paper are only non-trivial when the simply-connected and adjoint forms of G differ: so for all practical purposes, we are working with types A 1 , D 2n , and E 7 .
Let G be a split connected reductive group over k with derived group equal to G, so that the quotient G/G = S is a torus; call the quotient map ν : G → S . Fix a maximal torus T of G and a Borel B containing T , likewise giving T = T ∩ G, B = B ∩ G, and determining based root data for G and G, and an explicit Weyl group W G defined in terms of T . We denote by Z and Z G the centers of G and G, and we let Z 0 be the identity component of Z. Note that in all cases under consideration Z G = Z G [2] . The cases of particular interest for us-in which there is a non-trivial Kuga-Satake lifting problem-are those in which Z G {1}, namely types A 1 , D 2n , and E 7 . From now on we (4) assume the characteristic of k is not 2.
In particular, Z G is a discrete group scheme over k, and the order of the kernel of the isogeny Z ։ S is invertible in k. Our first task is to define the moduli spaces of G-bundles on X = P 1 with level structure that will supply us with Hecke eigensheaves. We first recall the construction in [Yun14a] . Yun works with the following conjugacy class of parahoric subgroups in LG (see [Yun14a, §2.2-2.3]). In the apartment A(T ) associated to T of the building of LG, we can choose as origin the point corresponding to the subgroup L + G, with the resulting identification A(T ) X • (T )⊗R. Then under this identification 1 2 ρ ∨ lies in a unique facet, and we let P 1 2 ρ ∨ be the parahoric subgroup associated to this facet. More precisely, Bruhat-Tits theory provides, for any facet a in the building of LG, a smooth group scheme P a over k [[t] ] with connected fibers whose generic fiber is G × Spec k Spec k((t)). We define P a to be the pro-algebraic subgroup of LG representing the functor (of k-algebras)
. We then apply this construction to the case where a is the facet containing 1 2 ρ ∨ . Let K denote the maximal reductive quotient of P 1 2 ρ ∨ ; since G is simply-connected, K is connected. Moreover, Yun shows ([Yun14a, §2.5]) that K has a canonical connected double cover: Definition 3.1. Let (2) K denote the connected double-cover of K, so there is an exact sequence
Note that our notation differs from that of [Yun14a, §2.5], where this group is denoted K; we reserve ( * ) for groups associated with the enlargement G of G.
We now define the particular moduli stacks of interest, beginning with the ones used in [Yun14a] . Let P 0 ⊂ L 0 G be the parahoric subgroup in the conjugacy class of P 1 2 ρ ∨ that contains the Iwahori
and let P + 0 denote the pro-unipotent radical of P 0 . Next let P ∞ be the parahoric in the conjugacy
In the notation of §2, we now let S = {0, 1, ∞} ⊂ P 1 (k); for later reference, we let X 0 be the variety P 1 − S over k. The primary object of study in [Yun14a] is the moduli space (see Definition 2.3)
This sits in the following diagram:
where Bun + = Bun G (P + 0 , I 1 , P ∞ ). The vertical maps are (2) K 0 -torsors, and the square is 2-cartesian. Next we modify these constructions to define the corresponding moduli stacks of G-bundles on X. There are various ways of doing this; we take care to choose the new level structures so that the moduli spaces in the G and G cases are most easily compared. Definition 3.2. Let P ∞ be the sub-group scheme of L ∞ G generated by P ∞ and L + ∞ ( Z 0 ). Let P 0 (1) be the sub-group scheme of L 0 G generated by P 0 and the pro-algebraic group Z 0 (1) defined as the kernel of reduction modulo t (a local coordinate at zero),
Note that P 0 (1) is isomorphic to the direct product P 0 × Z 0 (1): the restriction of ν to ν : Z 0 → S can be identified with a product of maps G m → G m , each given by multiplication by some n ∈ {±1, ±2}, so (working one coordinate at a time) for any x ∈ R [[t] ], 1 = ν(1 + tx) = 1 + ntx + (higher order terms) forces x = 0, since we have assumed (see (4)) that 2 is invertible in k. 9 Moreover, the pro-unipotent radical of P 0 (1) is P + 0 · Z 0 (1), so the maximal reductive quotient of P 0 (1) is also K 0 . In particular, we can form the analogous group (2) P 0 (1) by pullback. Finally, let I 1 denote the Iwahori subgroup associated to B in L + 1 G. With this notation in place, we introduce our main object of study: Definition 3.3. Let Bun denote the algebraic stack Bun G ( (2) P 0 (1), I 1 , P ∞ ).
Similarly setting Bun
we then have the G-analogue of the basic diagram (5):
in which the vertical maps are still (2) K 0 -torsors, and the diagram is 2-cartesian. We now must recall the Birkhoff decomposition and uniformization results for G-(or G-) bundles on X = P 1 . Consider the 'trivial G-bundle on A 1 with tautological P 0 -level structure' P 0 A 1 ; to be precise, P 0 A 1 is defined as in §2, and is not literally a G-bundle on A 1 . Likewise let P 0 A 1 be the trivial G-bundle on A 1 with tautological P 0 (1) level structure at zero. Let Γ 0 and Γ 0 denote the group ind-schemes of automorphisms of P 0 A 1 and P 0 A 1 , respectively. Also let W aff denote the affine
The Weyl group of the reductive quotient K ∞ of P ∞ can be identified with a subgroup of W aff : take the subgroup generated by simple reflections that fix the alcove of P ∞ . The same holds for the reductive quotient K 0 of P 0 and its Weyl group, and in both cases, we write the resulting subgroup of W aff as W K .
Lemma 3.4. There are isomorphisms of stacks
and Birkhoff decompositions It follows easily from diagram (6) that π 0 ( Bun) is naturally in bijection with π 0 (Bun G ( P 0 (1), P ∞ )); this is in turn in bijection (since G is simply-connected) with
We can describe the connected components of Bun in terms of this uniformization. First note that replacing P 0 with (2) P 0 , and P 0 (1) with (2) P 0 (1) we get obvious analogues of Lemma 3.4. Then,
A 1 with Ad(w) P ∞ ; and we can make the corresponding construction of P w ∈ Bun G ( (2) P 0 , P ∞ ) for w ∈ W aff . The stabilizers of P w and P w are, respectively
In other words, Bun G ( 
In particular, we can identify the connected component of Bun containing the tautological object P 1 as
Taking the associated G-bundle defines a map Bun → Bun, and for w ∈ W K \W aff /W K it respects the above stratifications, yielding a map Bun w → Bun w . The crucial point is the following: Proof. We check this stratum-by-stratum. It suffices to show that for all
is an isomorphism. For a k-algebra R, an element of Γ 0 ∩ w P ∞ w −1 (R) gives rise fppf-locally on R to an equation of the form
, we see that ν(z 0 ) = ν(z ∞ ) = 1. This forces (as in the argument following Definition 3.2, by our assumption on char(k)) z 0 = 1, and z ∞ ∈ P ∞ (R). We may as well then assume z ∞ = 1 (incorporating z ∞ into p ∞ ), and so we actually have an equality p 0 = wp ∞ w −1 bearing witness to an element of Γ 0 ∩ wP ∞ w −1 (R). This implies
is an epimorphism, and as it is obviously injective, we are done. Recall the following results ([Yun14a, §2.6]) on the structure and representation theory of the finite 2-group (2) A(k). Recall that we have set
and have also set Q ′ ℓ = Q ℓ (ı). All sheaves considered will be Q ′ ℓ -sheaves. In parallel to this condition on the coefficients, we impose the following restriction on the field of definition k, in effect for the rest of this paper:
Lemma 4.2. Assume k satisfies condition (15), so that Γ k acts trivially on Z( (2) A)(k).
(1)
gives a bijection between irreducible odd representations of (2) A(k) and odd characters of Z( (2) A(k)): 
(2) A)(k) → Q ′× , with associated irreducible representation V χ of (2) A(k). Let k be any field satisfying conditions (15) and (13), and moreover for which V χ satisfies the conclusion of Lemma 4.2(3). Then from now on let V χ denote a fixed choice of descent to an irreducible representation of (2) A(k) ⋊ Γ k , with Q(ı) coefficients.
We now recall the crucial result analyzing the sheaf theory of Bun, or, in our case, Bun 0 . Throughout, for an algebraic stack X over a field k, we will write D b (X) for the derived category of bounded complexes of Q ′ ℓ -sheaves with constructible cohomology, as in [LO08] (if we need to specify another field of coefficients, Q ℓ for instance, we will write
of odd sheaves, on which µ ker 2 = ker( (2) K 0 → K 0 ) acts by the sign character. We can similarly define D b ( Bun) odd , since µ ker 2 is also contained in the automorphism group of every object of Bun. For future reference, let us also note a refinement of this observation: the automorphism group of every object of Bun G ( P 0 (1), I 1 , P ∞ ) contains the center Z G of G, and likewise the automorphism group of every object of Bun contains the double cover (pullback under
We of course will be interested in the corresponding decomposition of D b ( Bun) odd into a direct sum over the odd characters ψ. Now we recall the main result analyzing odd sheaves on Bun. 
is an equivalence of categories with quasi-inverse given by j ! = j * .
The analysis of connected components of Bun then implies:
10 Namely, that argument uses the incorrect assertion that H 2 (Γ, Q × ) = 0 for Γ a finite group isomorphic to a direct sum of Z/2Z's. 
is an equivalence with inverse j γ,! = j γ, * .
Assume k is as in Definition 4.3. We can now define the hoped-for eigensheaves on Bun over k, starting from Yun's construction on Bun. Fix an odd character (recall equation (16) 
That is, we make the only definition compatible with the requirement that A 0 χ be Yun's eigensheaf, and that A χ be eigen for the ramified Hecke operators T γ at 1 ∈ X. admits a convolution product making it a neutral Tannakian category over Q ℓ with fiber functor
This fiber functor induces an equivalence
where we write G ∨ for the (split form over Q ℓ of the) dual group of G. We need a version of Sat for the inclusion of the L + G-orbit containing t λ . Then by definition the intersection cohomology sheaf of the closure Gr G,≤λ of Gr G,λ is
the shift reflecting that the dimension of Gr G,λ is 2ρ, λ . We will define Sat G to be the full subcategory of perverse sheaves on Gr G consisting of finite direct sums of arbitrary Tate twists IC λ (m), for all λ ∈ X • (T ) + and m ∈ Z. Note that, in contrast to [Yun14a, §4.1], we do not normalize the weights of the IC λ 's to be zero: this bookkeeping device frees us from having to choose a square root of the cyclotomic character; 11 and it ensures that the local systems we eventually construct will specialize (at points of X 0 (K), for K/Q ℓ finite) to de Rham Galois representations. Adapting the argument of [Yun14a, §4.1] to our normalization, a result of Arkhipov-Bezrukavnikov ([AB09, §3]) implies that Sat G is closed under convolution: to be precise, we have
Note that ν − λ − µ, ρ is an integer, since only ν for which there is an inclusion of highest weight representations V ν ֒→ V µ ⊗ V λ , and in particular for which λ + µ − ν lies in the root lattice, will appear on the right-hand side. We would like to combine the tensor functor
with a mechanism for keeping track of the weight/Tate twist. One way to do this is to replace Sat G by a skeleton whose objects are precisely the direct sums of the various IC λ (n) (the skeleton can be equipped with a suitable tensor structure making these equivalent as tensor categories), and then to define a fully faithful tensor functor
by additively extending the assignment on simple objects
Composing with the canonical fiber functor ω of Rep(G ∨ × G m ), this yields a surjective homomorphism
for all dominant λ ∈ X • (T ) and all n ∈ Z, g acts on V λ by z 2n− 2ρ,λ } is clearly equal to the subgroup (2ρ(−1), −1) ⊂ G ∨ × G m . That is, we have a tensor-equivalence
Geometric Hecke operators.
We briefly recall the definition of geometric Hecke operators in our context, as well as the notion of Hecke eigensheaf. Recall that the Hecke stack Hk associated to Bun is the category of tuples (R, x, P, P ′ , ι) where:
• R is a k-algebra;
• x ∈ X 0 (R); • P and P ′ are objects of Bun(R); • ι is an isomorphism of P and P ′ away from the graph of x.
Projecting such data to (R, x, P) (the map
As explained in [Yun14a, §4.1.3] (using the fact that-see [HNY13, Remark 4.1]-− → h and ← − h are locally trivial fibrations in the smooth topology, with fibers isomorphic to Gr G ), or slightly differently in [Yun13, 4.3 .1], for each K ∈ Sat G there is an object K Hk ∈ D b ( Hk, Q ℓ ) whose restriction to each geometric fiber of − → h is isomorphic to K. As usual, the (universal) geometric Hecke operator is the functor
recall the definition of a Hecke eigensheaf:
Definition 4.7. Let F be an object of D b ( Bun). We say that F is a Hecke eigensheaf if there exists
satisfying compatibility conditions that will not concern us (see [Gai07,  following Proposition 2.8]). In this case we call E the eigen-local system of F . 
where (2) A acts trivially on X 0 . The strategy for proving A χ is an eigensheaf (χ as in equation 17) is to show that for all γ ∈ Ω 1 and all K ∈ Sat G , (u γ × id) * T K (A χ ) is concentrated in a single perverse degree. Such sheaves A χ can then be explicitly described via Corollary 4.5 and an analogue of [Yun14a, Lemma 3.4]. In preparation for this computation, note that the T γ,! and T * γ commute with the T K : informally this is the statement that 'Hecke operators at different places commute'; more formally, the stack Hk carries an Ω 1 -action compatible with its two projections ← − h and − → h . Furthermore, the spread-out sheaves K Hk (for all K ∈ Sat G ) are Ω 1 -equivariant, so we find
Now consider the following diagram, where declaring the squares cartesian defines the new objects GR and GR U γ :
Here ω is the remaining projection corresponding to ← − h on Hk. Note that GR is the analogue of the Beilinson-Drinfeld Grassmannian in this context. 12 Let us also denote by
Repeated application of proper base-change yields
where K GR denote the pull-back of K Hk to GR. K GR [1] is perverse (recall the fibers of K GR at x ∈ X 0 are copies of K), and F χ is a local system (in cohomological degree zero), so ω
is a perverse sheaf on X 0 . Any object K of Sat G is a direct sum of simple objects, so we may assume K is simple and therefore supported on some Gr G,≤λ , λ ∈ X • ( T ). The corresponding K GR is then supported on a corresponding sub-stack GR ≤λ , which pulls back in diagram (26) to a substack GR U γ,≤λ of GR U γ . We now come to the crucial geometric lemma. We note that Yun has found (see [Yun14b, Lemma 4.4.7] ) an argument that applies much more generally; the following, an elaboration of [Yun14a, Lemma 4.8] will suffice for us.
Lemma 4.8. For all
is affine, we may replace GR U γ,≤λ with the preimage of
Let us call this GR Note that we continue to adhere to the notational pattern of using ( * ) to denote the G-version of an object that could similarly be defined for G. Our notation is as a result not always consistent with that of [Yun14a] : for instance, GR geometric point of X 0 , and consider the section x * s of x * L. The fiber GR γ,≤λ,x is isomorphic to the γ-component, truncated by λ of the affine Grassmannian Gr G ; we denote this by Gr
, so in particular its restriction to the closed sub-scheme Gr
is ample. This claim results from the following two assertions:
• Pic(Gr
* s is a non-zero global section of x * L (which by the previous item must then be ample).
The first item follows from [Fal03, Corollary 12] . To be precise, that result shows that Pic(Gr G ) Z (for G our simply-connected group), but the same then follows for each connected component of Gr G . 13 For the second item, recall that the pair (L, s) is the pull-back along the composite
where the original section is non-vanishing on the locus BK 0 ⊂ Bun G (P 0 , P ∞ ) corresponding to the tautological object. It suffices then to show that the geometric fibers of GR γ over BK 0 × X 0 are nonempty. To see this, note that Hk → Bun × X 0 has geometric fibers isomorphic to Gr G . Choosing an element P of the fiber over (P u 0 , x) that lies in the γ component of Gr G , we are done: the isomorphism ι : P| X−{x} ∼ − → P u 0 | X−{x} automatically implies that P projects to an object isomorphic to the tautological object of Bun G (P 0 , P ∞ ).
With Lemma 4.8 in hand, we can prove the main result of this section:
But by Corollary 4.5, this is also
There is a natural isomorphism ω
as in the proof of [Yun14a, Proposition 4.7], this follows from the fact that ← − h is a locally trivial fibration in the smooth topology. Thus, identifying π ! = π * on the support of K GR (π : GR ≤λ → X 0 is proper), and using the projection formula and the Leray spectral sequence, we can carry on the identification 29 as 
where for the second equality we use the fact that the Hecke operators T K carries the sub-category
is independent of γ; we conclude that
and we claim that A χ is a Hecke eigensheaf with 'eigenvalue'
That is, what remains to show is that E χ (K) is in fact a local system, and that E χ is a tensor functor satisfying the conditions of Definition 4.7. This follows (by the monoidal property of the Hecke operators) by the same argument as [HNY13, §4.2], since we have seen that
A lies in perverse degree one.
To summarize:
Corollary 4.10. Assume k is as in Definition 4.3. For every odd character
is a Hecke eigensheaf with eigen local system
giving rise by the Tannakian formalism to a monodromy representation (recall the notation from equation 21)ρ
The restriction of E χ to the full subcategory Sat G ⊂ Sat G is naturally isomorphic to the eigen local
Proof. We have established everything except the purity claim, which follows from the argument of Theorem 4.9. Namely, equations (29) and (30) imply that E χ (K) is mixed of weights ≤ and ≥ 2ρ, λ, − 2m (by [Del80] ).
Consequently, we have a commutative diagram
where ρ χ is (of course these monodromy representations are only well-defined up to G ∨ , respectively G ∨ , conjugation) Yun's local system.
The motives
Having established the Hecke eigensheaf property, we can now describe the local systems E χ (K) for all K ∈ Sat G . We continue to assume k is as in Definition 4.3; in particular, the k-group scheme Z( (2) A) is discrete. Let us fix a dominant weight λ ∈ X
, and restrict to the case of K = IC λ . In this case the sheaf K Hk is supported on a sub-stack Hk ≤λ , and the sheaf
is supported on the locus of (P, P ′ , x, ι) where P ∈ Bun 0 and P and P ′ are in relative position ≤ λ, i.e. ev(P, 
In terms of this diagram, we find
Recall we are trying to describe E χ (K). The argument is that of [Yun14a, Lemma 4 .3], except we have to keep track of the different connected components. Pulling back equation (35) by (u ν•λ ×id), we obtain, just as in equations (26) and (27), a diagram with Cartesian squares
t t t t t t t t t t
and letting π U u ν•λ denote the composite map GR U u ν•λ ,≤λ → X 0 , we obtain an identification
20
(We will write K GR for the pull-back of K Hk to either of GR u ν•λ ,≤λ or GR
denote the corresponding projection. We now exploit the fact that G U ≤λ carries a (2) A × (2) A-action:
for clarity the first copy, acting via the pull-back on the ← − h (or as here, ω u ν•λ ) projection, will be denoted (2) A(1), and the second copy, acting via pull-back on the − → h projection, will be denoted (2) A(2). Decomposing the regular representation of (2) A, we obtain a (2) A(1)-equivariant isomorphism
Here
(2) A(1) acts on V * χ . Since the isomorphism (37) is (2) A(2)-equivariant (acting on V χ on the lefthand side, and on the right-hand side since K GR is the pull-back of K Hk ), we obtain a (2) A × (2) Aequivariant isomorphism Lemma 5.1. There is a canonical isomorphism of
In particular, the left-hand side is a local system.
It is explained in [Yun14a, §3.3.4] how to take the invariants of an equivariant perverse sheaf under a (not necessarily discrete) finite group scheme. Applying this: 
2 , and extracting the constituent where Z( (2) A(2)) acts by χ. 
The case of minuscule weights
We now want to make this description of E χ (K) explicit. Our ultimate goal is the following: 
The case of K corresponding to a quasi-minuscule weight is considered in [Yun14a, §4.3]. Although our discussion is valid for any G as in §3, there are certain cases in which it is uninteresting: for instance, if G = SL 2 , we gain nothing by taking G = SL 2 × G m ; however, by taking G = GL 2 , we gain the representations of SL 2 = G ∨ sc (the simply-connected cover of G ∨ ), and it is these new representations that will be of interest, just as in the classical setting the Kuga-Satake abelian variety is found via the spin representation of Spin 21 , while the motive of the K3 arises from the standard 21-dimensional representation.
To show thatρ χ,K,t arises from an object of M F,Q ′ demands a significant digression into understanding intersection cohomology of varieties with arbitrarily bad singularities. A good first approximation to understanding the motivic nature ofρ χ,t :
is to verify this after composition with a single faithful finite-dimensional representation of G ∨ 1 (i.e., to showρ χ,t is weakly motivic in the sense of Definition 1.2). That is what we will do in this section.
First, we make a robust choice of G, such that G ∨ has representations restricting to each of the minuscule representations of G ∨ sc . For instance, we can take:
• (E 7 ) Let c denote the non-trivial element of Z G = µ 2 . Then take G = (G × G m )/ (c, −1) ; • (D n , n even) Let c and z be generators of Z G µ 2 × µ 2 . Then take
Each minuscule representation of G ∨ sc 15 extends to an irreducible representation of G ∨ , and then to an irreducible representation of G ∨ 1 . Taking a direct sum, we obtain a faithful family of representations
, and set ourselves the goal of showing that each r min •ρ χ,t is motivated. The full force of Theorem 6.1 is considerably deeper (it is new even in Yun's original setting), so in the present section we will only treat the case of these minuscule weights, which has the added advantage that the relevant geometry-of the corresponding affine Schubert varieties-is especially simple.
We begin, however, with some generalities: continue to let K ∈ Sat G be any irreducible object of the form K = IC λ , λ ∈ X • ( T ∨ ) (the discussion will apply equally well to K of the form IC λ (m), 15 These are, in the three cases: the standard representation of SL 2 , the 56-dimensional representation of E 7 , and the standard (2n-dimensional) and two half-spin representations of Spin 2n . Taking the t-fiber (t ∈ X 0 (F)) of the isomorphism in Lemma 5.1, we obtain a (quasi-)isomorphism 
A] χ and then onto the line spanned by id ∈ End(V χ ) (a direct factor of the representation
where θ χ denotes the character of the
ℓ be odd, and let t ∈ X 0 (F) for any number field F containing k. Theñ
Proof. Apply e χ to equation (41), noting that the right-hand side is concentrated in degree zero. Since we have seen that E χ (IC λ ) is pure of weight 2ρ, λ , the claim is immediate. 
. That the right-hand side is isomorphic to the ℓ-adic realization of an object of M F,Q ′ follows from the standard description (originating in [Del71a] ) of the weight filtration on the cohomology of a smooth variety, via the Leray spectral sequence for its inclusion into a smooth compactification with boundary given by a smooth normal crossings divisor. See [Yun14a, §4.3.1] or [PT] (the discussion between Remark 2.6 and Lemma 2.7) for this equivariant version. We conclude: There are two basic templates, one 'sheaf-theoretic' and one 'geometric,' for endowing the cohomology of a variety with a weight filtration. The models for the former approach are [Del80] and [BBD82] ; the models for the latter are [Del71b] and [Del74] . The latter approach typically depends on having resolution of singularities over the field k, and is consequently restricted to characteristic zero; but when available, it yields more robust, because more 'motivic,' results. Thus we will explain, at least for k finitely-generated over Q, how to give an a priori 'sheaf-theoretic' sense to Gr The statement for compact supports follows similarly, or by now invoking Poincaré duality.
Remark 8.16.
(1) The motive underlying Gr W i IH k (Y¯k, Q ℓ ) is canonical in the following sense. The only ambiguity in its construction is that we may take a second resolution f ′ : X ′ → Y before applying the argument of Corollary 8.15. But any two resolutions of singularities can be dominated by a third, and so the functoriality property of Lemma 8.11 implies that by passing through this third resolution we can deduce an isomorphism in M k :
(2) In particular, Corollary 8.15 completes the proof of Theorem 6.1. (3) Let us now take k to be a finite extension of Q p , with ℓ = p. Let Y/k be a projective variety-this way we avoid discussing weight filtrations, and in particular do not have to be concerned that k is not finitely-generated over Q-so that IH q (Y¯k, Q p ) has underlying motive Gr tive varieties over k with Hodge-regular cohomology in some degree to arbitrary projective varieties over k with Hodge-regular intersection cohomology in some degree. Here we use the theorems of Gabber that {IH q (Y¯k, Q ℓ )} ℓ forms a weakly compatible system of pure Γ k -representations. Consequently, these compatible systems (in the regular case) are strongly compatible, and the corresponding L-functions admit meromorphic continuation to the whole complex plane, with the expected functional equation. Is it possible to construct examples of such singular varieties Y? Note that Yun's construction in type G 2 and D 2n (the latter regarded as SO 4n−1 -valued) do give families of examples of potentially automorphic motives: this is a special case of the examples arising from Katz's theory as discussed in [PT, §2] . The lifts of Yun's examples constructed in Corollary 4.10 are no longer Hodge-Tate regular, so no further examples of potentially automorphic motives result from the constructions of the present paper.
